The fractional chromatic number, the Hall ratio, and the lexicographic product  by Johnson, P.D.
Discrete Mathematics 309 (2009) 4746–4749
Contents lists available at ScienceDirect
Discrete Mathematics
journal homepage: www.elsevier.com/locate/disc
Note
The fractional chromatic number, the Hall ratio, and the lexicographic
product
P.D. Johnson Jr.
Department of Mathematics and Statistics, Auburn University, AL 36849, USA
a r t i c l e i n f o
Article history:
Received 29 January 2007
Accepted 30 May 2008
Available online 2 July 2008
Keywords:
Fractional chromatic number
Hall ratio
Lexicographic product
a b s t r a c t
Letχf denote the fractional chromatic number andρ theHall ratio, and let the lexicographic
product of G and H be denoted GlexH . Main results: (i) ρ(GlexH) ≤ χf (G)ρ(H); (ii) if
ρ(G) = χf (G) then ρ(GlexH) = ρ(G)ρ(H) for all H; (iii) χf − ρ is unbounded. In addition,
the question of how big χf /ρ can be is discussed.
© 2008 Elsevier B.V. All rights reserved.
1. Preliminaries
Throughout, G and H will be finite simple graphs, and notation follows [7,10]. In particular, n(G) = |V (G)| and α(G)
denotes the vertex independence number of G. The Hall ratio of G is ρ(G) = max
[
n(H)
α(H) ;H is a subgraph of G
]
. Originally
called the fractional Hall-condition number [3], ρ was happily renamed in [1] and has proven to be a useful parameter in
certain areas of graph theory [6]. Obviously the maximum in the definition of ρ(G) is achieved at an induced subgraph of G.
For integersm ≥ k > 0, a proper m : k coloring of G is an assignment of k-subsets of {1, . . . ,m}, or of any fixedm-set, to
the vertices of G so that the sets assigned to adjacent vertices are disjoint. The k-fold chromatic number of G, denoted χ (k)(G),
is the smallestm such that there is a properm : k coloring of G. The fractional chromatic number of G is
χf (G) = inf
k
1
k
χ (k)(G).
This is the original definition of the fractional chromatic number [4,8]; in modern times there are several equivalent
characterizations of χf (see [7]). The following well-known fundamental result is originally due to Scott [8].
Theorem S.
χf (G) = min
k
1
kχ
(k)(G)
= lim
k→∞
1
kχ
(k)(G).
By elementary arguments, n(G)/α(G) ≤ 1kχ (k)(G) for all k, and thus n(G)/α(G) ≤ χf (G). If H is a subgraph of G then
n(H)/α(H) ≤ χf (H) ≤ χf (G), from which we infer the following well-known result (a special case of one of the main
results of [6]).
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Proposition 1. ρ(G) ≤ χf (G).
Two more well-known facts about χf are collected in Proposition 2. Let G ∨ H denote the join of G and H , the graph
obtained by taking two disjoint copies of G and H and then making all vertices of the copy of G adjacent to all vertices of the
copy of H . It is straightforward to see that χ (k)(G ∨ H) = χ (k)(G) + χ (k)(H) for all k, from which conclusion (a) follows by
an application of Theorem S. To see (b), verify directly that ρ(C2k+1) = n(C2k+1)α(C2k+1) = 2k+1k and then see that χf (C2k+1) ≤ 2+ 1k
by finding a proper (2k+ 1) : k coloring of C2k+1.
Proposition 2. (a) χf (G ∨ H) = χf (G)+ χf (H);
(b) for k = 1, 2, . . . , χf (C2k+1) = 2+ 1k .
The lexicographic product of G and H , denoted here by GlexH , is defined by V (GlexH) = V (G) × V (H), and
(u1, v1), (u2, v2) ∈ V (G) × V (H) are adjacent if and only if either u1 and u2 are adjacent in G, or u1 = u2 and v1, v2 are
adjacent in H . It is useful to think of forming GlexH by replacing each vertex u of Gwith a copy H(u) of H , and then ‘‘taking
the join’’ of H(u1) and H(u2), wherever u1 and u2 are adjacent in G.
2. Some relations among ρ, χf and lex
For an induced subgraph X of GlexH and u ∈ V (G), let XH(u) = 〈{v ∈ V (H); (u, v) ∈ X}〉H , where 〈 〉H denotes ‘‘the
subgraph of H induced by’’ and we allow the existence of an empty graph. In other words, XH(u) is the part of H(u) (see just
above) which is in X .
Lemma 1. Suppose that X is an induced subgraph of GlexH. Then α(X) = max[∑u∈U α(XH(u));U ⊆ V (G) is an independent
set of vertices of G].
From the definition of adjacency in GlexH , (u1, v1), (u2, v2) ∈ V (G)× V (H) are not adjacent in GlexH if and only if either
u1 6= u2 and u1, u2 are not adjacent in G or u1 = u2 and v1, v2 are not adjacent in H . (In other words, GlexH = GlexH .)
Therefore, in any independent set of vertices of GlexH , the first coordinates form an independent set of vertices of G, and for
each first coordinate, the vertices of H occurring as a second coordinate with the first coordinate form an independent set
of vertices of H . The proof is straightforward from there.
Corollary 1. α(GlexH) = α(G)α(H).
Theorem 1. ρ(GlexH) ≥ ρ(G)ρ(H).
Let G1, H1 be induced subgraphs of G,H , respectively, satisfying
n(G1)
α(G1)
= ρ(G), n(H1)
α(H1)
= ρ(H). Then G1lexH1 is an induced
subgraph of GlexH , so we have
ρ(GlexH) ≥ n(G1lexH1)
α(G1lexH1)
= n(G1)n(H1)
α(G1)α(H1)
= ρ(G)ρ(H).
The following is known; we indicate a proof quite different from the proof given in [7].
Theorem 2. χf (GlexH) = χf (G)χf (H).
It is straightforward to see that, for any positive integer k, χ (k)(GlexH) = χ (χ (k)(H))(G); we omit the obvious, but gory,
details. It then follows from Theorem S and the fact that χ (k)(H) ≥ k (so χ (k)(H)→∞ as k→∞), that
k−1χ (k)(GlexH) =
[
χ (k)(H)−1χ (χ
(k)(H))(G)
] [
k−1χ (k)(H)
]
↓ ↓
χf (GlexH) χf (G) · χf (H)
as k→∞.
Lemma 2. If a1, . . . , ak, b1, . . . , bk > 0, then
min
1≤i≤k
ai
bi
≤
k∑
i=1
ai
k∑
i=1
bi
≤ max
1≤i≤k
ai
bi
.
Let r = min1≤i≤k aibi , so rbi ≤ ai, i = 1, . . . , k. Then
∑
ai∑
bi
≥ r
∑
bi∑
bi
= r . The proof of the other inequality is similar.
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We shall not use it, but it is clear from the proof that Lemma 2 can be sharpened: equality in either inequality occurs if
and only if a1b1 =
a2
b2
= · · · = akbk .
Theorem 3. ρ(GlexH) ≤ χf (G)ρ(H).
By Theorem S we can find k such that k−1χ (k)(G) = χf (G). Letm = χ (k)(G) and let ϕ be a properm : k coloring of G. For
each c ∈ {1, . . . ,m}, let Uc = {u ∈ V (G) | c ∈ ϕ(u)}. Since ϕ is a properm : k coloring of G, each set Uc is independent, and
each u ∈ V (G) appears in Uc for exactly k values of c .
Let X be an induced subgraph of GlexH such that n(X)/α(X) = ρ(GlexH). We have
kρ(GlexH) = kn(X)/α(X)
=
k
∑
u∈V (G)
n(XH(u))
α(X)
=
m∑
c=1
∑
u∈Uc
n(XH(u))
α(X)
=
m∑
c=1
∑
u∈Uc
n(XH(u))
α(X)
≤
m∑
c=1
∑
u∈Uc
n(XH(u))∑
u∈Uc
α(XH(u))
[by Lemma 1]
≤
m∑
c=1
max
u∈Uc
n(XH(u))
α(XH(u))
[by Lemma 2]
≤ mρ(H).
Thus ρ(GlexH) ≤ mk ρ(H) = χf (G)ρ(H).
Corollary 2. If χf (G) = ρ(G), then, for any H, ρ(GlexH) = ρ(G)ρ(H).
The conclusion follows easily from Theorems 1 and 3.
Theorem 4. χf − ρ is unbounded.
Take any H satisfying χf (H) > ρ(H). By Theorems 2 and 3, for any G,
χf (GlexH)− ρ(GlexH) ≥ χf (G)χf (H)− χf (G)ρ(H)
= χf (G)(χf (H)− ρ(H)).
Since χf (G) can be arbitrarily large, the result follows.
Theorem 4 can also be extracted from [1].
Since it is quite common for the Hall ratio to equal the fractional chromatic number, Corollary 2 says that it is quite
common for the inequality in Theorem 1 to be equality. Belowwe give only three examples in which ρ(GlexH) > ρ(G)ρ(H).
The extremal questions arising from Theorem 1 await inspection: For which G and H does equality in Theorem 1 hold? Is
the converse of Corollary 2 true? How big can ρ(GlexH)/ρ(G)ρ(H) be?
Such questions also arise from Theorem 3. The proof of Lemma 2 seems to be calling out a big hint as to when
ρ(GlexH) = χf (G)ρ(H). However, we give only one example below in which this equality holds and χf (G) > ρ(G).
Examples: For n ≥ 3 let Wn = K1 ∨ Cn, the wheel with n spokes. By Proposition 2, χf (W2k+1) = 3 + 1/k, k ≥ 1, and
we claim that for k ≥ 2, ρ(W2k+1) = 3. The presence of a K3 in W2k+1 implies that ρ(W2k+1) ≥ 3. It is easy to see that
χ(W2k+1 − v) = 3 for every v ∈ V (W2k+1), so, for every proper induced subgraph G1 ofW2k+1, n(G1)α(G1) ≤ χ(G1) ≤ 3. Finally,
n(W2k+1)
α(W2k+1) = 2k+2k ≤ 3 since k ≥ 2. Thus ρ(W2k+1) ≤ 3, so ρ(W2k+1) = 3.
Let G = W2k+1 = H , and let X be an induced subgraph of GlexH defined by: for each u on the C2k+1 in G = K1 ∨ C2k+1,
XH(u) is a K3, and if u0 denotes the vertex of G of degree 2k+ 1, XH(u0) = H . Then n(X) = (2k+ 1) · 3+ 2k+ 2 = 8k+ 5,
and by Lemma 1 α(X) = k. We have ρ(GlexH) ≥ n(X)
α(X) = 8+ 5k > 9 = ρ(G)ρ(H)when k = 2, 3, or 4. Further, when k = 2
we have χf (G)ρ(H) = 72 · 3 ≥ ρ(GlexH) ≥ 8+ 52 = 212 , so ρ(GlexH) = χf (G)ρ(H) > ρ(G)ρ(H).
To sum up: for G = Wr , r ∈ {5, 7, 9}, we have instances in which the inequality of Theorem 1 is strict: ρ(GlexG) > ρ(G)2.
Furthermore, when G = W5 we have χf (G) > ρ(G), yet χf (G)ρ(G) = ρ(GlexG).
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3. The χf /ρ problem
In [5] it was shown that χ −ρ is unbounded on the domain of simple graphs, and then rashly speculated that χ/ρ might
be bounded. It was soon noted (explicitly a dozen years later, in [1]) that χ/ρ is unbounded on the Kneser graphs. (See [7]
for an excellent discussion of these graphs.)
The Kneser graphs are vertex-transitive, and for every vertex-transitive graph G, ρ(G) = χf (G) = n(G)/α(G) (see [7]).
Therefore, although χ/ρ is unbounded, χf /ρ = 1 on the Kneser graphs; which points to the question: How large can χf /ρ
be? Is it unbounded?
Until recently the greatest value of χf /ρ known to the author was 6/5, achieved by a graph discovered by A. Daneshgar,
appearing in [2]. A strong candidate for a family of graphs on which χf /ρ might be unbounded is the sequence of Mycielski
graphs, M2 = K2, M3 = C5, . . . , studied in [1,7]. It is known that χf (Mn) ∼
√
2n. What is known about ρ(Mn) [1] is not
quite enough to decide whether or not χf (Mn)/ρ(Mn) is unbounded as n→∞.
Another infinite family on which χf /ρ might plausibly be unbounded is the family of lexicographic powers of the odd
wheels, the wheels with odd numbers of spokes. This paper resulted from an unsuccessful attempt to estimate ρ(Wm5 ),
for the purpose of estimating χf (Wm5 )/ρ(W
m
5 ) = (7/2)m/ρ(Wm5 ). Although unsuccessful, the author takes consolation
in Theorems 3 and 4, and one other achievement: with some difficulty, it can be shown that ρ(W 35 ) = 1414 : therefore
χf (W 35 )/ρ(W
3
5 ) = (7/2)3/(141/4) = 343282 > 65 . It’s a new record!
In [9], in a note added in proof, it is reported that Agnes Toth has proven that for every oddwheelW ,χf (W )/ρ(W n)1/n →
1 as n→∞. We await developments!
References
[1] Mathew Cropper, András Gyárfás, Jenö Lehel, Hall ratio of the Mycielski graphs, Discrete Math. 306 (16) (2006) 1988–1990.
[2] A. Daneshgar, A.J.W. Hilton, P.D. Johnson Jr., Relations among the fractional chromatic, choice, Hall, and Hall-condition numbers of simple graphs,
Discrete Math. 241 (2001) 189–199.
[3] A.J.W. Hilton, P.D. Johnson Jr., D.A. Leonard, Hall’s condition for multicolorings, Congr. Numer. 128 (1997) 195–203.
[4] A.J.W. Hilton, R. Rado, S.H. Scott, A (< 5)-colour theorem for planar graphs, Bull. London Math. Soc. 5 (1973) 302–306.
[5] P.D. Johnson Jr., The Hall-condition number of a graph, Ars Combin. 37 (1994) 183–190.
[6] P.D. Johnson Jr., C.A. Rodger, Coloring the vertices of a graph with measurable sets in a probability space, European J. Combin. 26 (2005) 251–257.
[7] E.R. Scheinerman, D.H. Ullman, Fractional Graph Theory, John Wiley and Sons, New York, 1997.
[8] S.H. Scott, Multiple node colourings of finite graphs, Doctoral Dissertation, The University of Reading, Reading, England, March, 1975.
[9] Gabor Simonyi, Asymptotic values of the Hall-ratio for graph powers, Discrete Math. 306 (19–20) (2006) 2593–2601.
[10] Douglas B. West, Introduction to Graph Theory, 2nd edition, Prentice Hall, Upper Saddle River, NJ 07458, 1996.
